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Quantum many-body systems out of equilibrium can host intriguing phenomena such as transi-
tions to exotic dynamical states. Although this emergent behaviour can be observed in experiments,
its potential for technological applications is largely unexplored. Here, we investigate the impact
of collective effects on quantum engines that extract mechanical work from a many-body system.
Using an opto-mechanical cavity setup with an interacting atomic gas as a working fluid, we demon-
strate theoretically that such engines produce work under periodic driving. The stationary cycle of
the working fluid features nonequilibrium phase transitions, resulting in abrupt changes of the work
output. Remarkably, we find that our many-body quantum engine operates even without periodic
driving. This phenomenon occurs when its working fluid enters a phase that breaks continuous
time-translation symmetry: the emergent time-crystalline phase can sustain the motion of a load
generating mechanical work. Our findings pave the way for designing novel nonequilibrium quantum
machines.
Future-generation nanomachines will require powerful
small-scale engines whose energy output can be chan-
neled into mechanical work storages. Proof-of-principle
experiments have shown how such microscopic flywheels
can be realized for working systems with few internal de-
grees of freedom like a single atom [1–5]. Yet it is less
clear how the output of a quantum engine can be con-
verted into motive power if its working fluid consists of
a many-body system.
During the last years, much progress has been made
in the design of quantum engines that operate far from
equilibrium and use non-thermal sources of energy [6–
12]. The natural next step is to explore how mechanical
work can be generated in such non-equilibrium settings,
how collective effects, like phase transitions, affect the
work output and whether they could enable novel modes
of operation.
In this article, we propose a new type of many-body
quantum engine, that is driven by time-translation sym-
metry breaking [13–15] and does not require a periodic
protocol. Our engine autonomously delivers mechani-
cal work to an external load as a result of its work-
ing fluid hosting a phase with broken (continuous) time-
translation symmetry, a so-called time crystal [13–15].
We show that such an exotic device can be implemented
with a general cavity-atom setting, which can, in prin-
ciple, be realized in experiments with cold atoms [16–
18], see the sketch in Fig.1. In this setup, one mirror
of the cavity is fixed, while the other one is attached
to a micro-spring and can move around its equilibrium
position [19–21]. By driving the atoms inside the cav-
ity with a periodically modulated laser, the free mirror
can be forced into sustained oscillations from which we
determine the work delivered by the engine [22–25].
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FIG. 1. Cavity-atom quantum engine. The atomic work-
ing fluid is held in an optical cavity with one movable mirror
(mass m) attached to a spring (characteristic frequency ω).
The cavity length L = L0 + x decomposes into an equilib-
rium length L0 and a small deviation x. The motion of the
mirror is damped by mechanical friction (proportional to the
coefficient γ) and driven by thermal fluctuations and the ra-
diation pressure inside the cavity. Each atom is described as
a two-level system with ground state |g〉, excited state |e〉 and
energy splitting ωat. Excitations are generated and destroyed
through interactions with a light mode in the cavity and with
the driving laser (Rabi frequency Ω and detuning ∆). The
cavity loss rate is κ.
Our numerical analysis reveals two quite remarkable
effects. First, the system features a series of nonequilib-
rium phase transitions leading to sudden changes of the
asymptotic cycle. Second, even in the absence of an ex-
plicit periodic driving, where one would a priori expect
the system to approach to a stationary state, the oscilla-
tory motion of the mirror can be sustained as the atomic
working fluid forms a time-crystalline phase [13–15] for
properly chosen parameters.
Beyond illuminating these intriguing many-body
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2effects, our approach has the key advantage that it
admits a clear thermodynamic interpretation. Since
the mirror is effectively classical, its position can be
monitored without disturbing the operation cycle of
the engine, thus avoiding the subtleties of measuring
a quantum working fluid. Such quasi-classical work
measurements make it possible to unambiguously deter-
mine the effective output of a quantum engine. At the
same time, they open new ways to probe collective phe-
nomena in nonequilibrium quantum many-body systems.
Cavity-atom setup.–We consider the setup of Fig. 1.
An ensemble of N atoms is loaded into an optical cavity
with one movable mirror. Each atom is described as a
two-level system with ground state |g〉, excited state |e〉,
and level splitting ωat. A single light mode is resonant
with the cavity at frequency ωcav. The exchange of pho-
tons between atoms and light field is described by the
coupling Hamiltonian
Hint = ~
g√
N
(
aS+ + a
†S−
)
with S± =
N∑
k=1
σ
(k)
± .
(1)
Here, a and a† are the photon creation and annihilation
operators and σ− = |g〉 〈e| and σ+ = σ†− are the atomic
transition operators. The interaction strength is rescaled
by the factor 1/
√
N as is common for light-matter inter-
actions of this type [26–28]. The atoms are further driven
by an external laser, whose frequency is shifted from ωat
by the detuning ∆. In the rotating frame of the laser,
the atomic Hamiltonian is given by [18, 29–31]
HL = ~
[
Ω (S+ + S−)− ∆
2
Sz
]
with Sz =
N∑
k=1
σ(k)z ,
(2)
where σz = |e〉 〈e| − |g〉 〈g|. The Rabi frequency Ω is
determined by the strength of the coherent driving. In
the same rotating frame, the free Hamiltonian of the light
field reads Hph = −~δ a†a, where δ = ωat + ∆ − ωcav is
the effective detuning of the cavity mode. The loss of
photons from the cavity, at rate κ, is described by the
dissipation super operator [32–35]
Dph[ρ] = ~κ
(
aρ a† − 1
2
{
ρ, a†a
})
.
In the Schro¨dinger picture, the bare photon Hamiltonian
is given by HSph = ~ωcava†a. The frequency of the pho-
tons is connected to the length L of the cavity through
the resonance condition ωcav = nc/(2L) with n being
an integer and c the speed of light. We decompose the
length of the cavity, L = L0 +x, into an equilibrium con-
tribution L0 and a deviation x, which accounts for small
oscillations of the first mirror, see Fig. 1. Expanding the
Hamiltonian HSph to first order in x/L0 yields [19–21]
HSph ≈ ~ω0cav
(
1− x
L0
)
a†a with ω0cav =
nc
2L0
. (3)
This result shows that the position of the mirror and
the number of photons are coupled [19–21]. In fact, the
Hamiltonian in Eq. (3) describes a mechanical force on
the mirror, which emerges from the radiation pressure
inside the cavity.
In addition, the light field in the cavity mediates an ef-
fective excitation-exchange coupling between the atoms,
which arises from the interaction Hamiltonian (1) when
the electromagnetic field is traced out [36, 37]. In the
weak-coupling regime κ g/√N , the state of the atoms
ρt follows an effective Lindblad equation [17, 32–35, 38]
ρ˙t = − i~ [H˜, ρt] +
1
~
D˜[ρt] . (4)
Upon neglecting second-order contributions in the rel-
ative displacement x/L0, the corresponding effective
Hamiltonian and dissipation super-operator become
H˜ = HL +
~g
N
(
C0 − C1
L0
x
)
S+S− , (5)
and
D˜[ρ] = ~g
N
(
Γ0 − Γ1
L0
x
)(
S−ρS+ − 1
2
{ρ, S+S−}
)
,
(6)
with the dimensionless constants [38]
C0 =
4δ0g
κ2 + 4δ20
, Γ0 =
4κg
κ2 + 4δ20
C1 =
ω0cav
δ0
C0
4δ20 − κ2
4δ20 + κ
2
, Γ1 = ω
0
cavΓ0
8δ0
κ2 + 4δ20
and the detuning parameter δ0 = ωat + ∆− ω0cav.
Dynamics of the mirror.– The mirror is a massive
object, whose ground state energy is small compared to
the typical energy of thermal excitations. That is, we
have ~ω  kBT , where ω is the characteristic frequency
of the spring attached to the mirror, see Fig. 1, and T
is the base temperature of the setup. The position of
the mirror can thus be treated as a classical degree of
freedom, whose dynamics is governed by the Langevin
equation [25, 39]
mx¨+ γx˙+mω2 x = ft + ξt ; (7)
here, γ is the damping coefficient, m is the mass of
the mirror and the stochastic force ξt, which describes
thermal fluctuations, obeys E[ξt] = 0 and E[ξtξs] =
2γkBTδ (t− s). The symbol E indicates average over all
realizations [40].
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FIG. 2. Periodic driving. (a) Periodic motion of the mir-
ror driven by the many-body engine. The average velocity
of the mirror, v¯t, is given in units of v0 =
ω0cav
ω
~D0
m
, the av-
erage position, x¯t, in units of v0/ω and the force in units of
~ω0cavD0. Time is given in units of ω−1. This representa-
tive cycle is obtained for ωat − ω0cav = 0.1ω, ∆max = 2ω and
∆min = κ = g = ω. The mean velocity is non-zero, prov-
ing that the engine constantly delivers energy to the mirror
through the force ft. (b) Power output, in units of mv
2
0ω, as
a function of Ω/ω and ∆min/ω with fixed ∆max −∆min = ω.
In the insets, we show the mean velocity and the force for
∆min = 0.2ω and two slightly different values of the Rabi
frequency, Ω/ω = 1.55, 1.56, for which the power output dif-
fers substantially. The force profile changes abruptly from
an oscillatory pattern to a two plateau-like shape indicating
a non-equilibrium phase transition. Numerical results have
been obtained by simulating the dynamics of the mirror for
sufficiently long times, such that the system has converged to
its asymptotic cycle.
The deterministic force ft = −〈
[
∂
∂xH
S
ph
]
〉t is due to
the light-mediated coupling between the mirror and the
working fluid. In the effective picture of an interacting
atomic gas, it is, up to second-order corrections in the
displacement of the mirror x/L0, given by [38],
ft ≈ ~ g
N
ω0cav
κL0
(
Γ0 − Γ1 x
L0
)
〈S+S−〉t , (8)
where angular brackets denote the average with respect
to the state of the atomic system ρt. Together with
this relation, the effective master equation (4) and the
Langevin equation (7) determine the joint dynamics of
the mirror and the working fluid.
Finite-density limit.– We now consider the limit of
large atom numbers, N  1, focussing on the case where
the linear density of atoms in the cavity, D0 = N/L0, is
fixed. This assumption, which is typically well justified in
experiments, makes it possible to simplify our mathemat-
ical model. First, the constants C1 and Γ1, appearing in
Eqs. (5)-(6), become irrelevant for the dynamics, as they
are of order N−2, and can thus be neglected. Second,
the normalized correlation functions 〈S+S−〉/N2 factor-
ize, since emergent correlations between different atoms
are wiped out in the large-N limit [41, 42]. That is, we
have 〈S+S+〉/N2 ∼ s+s− with s± = limN→∞〈S±〉/N .
As a result, the collective atomic variables s± and
sz = limN→∞〈Sz〉/N obey the mean-field type dynami-
cal equations [38, 42]
s˙+ = −iΩ sz − i∆s+ − igC0 szs+ + g0 Γ0
2
szs+ ,
s˙z = 2iΩ (s− − s+)− 2gΓ0s+s− ,
(9)
and the Langevin equation (7) becomes
mx¨+ γx˙+mω2 x = ~
gω0cavΓ0D0
κ
s+s− + ξt ; (10)
since the expression (8) for the deterministic force re-
duces to
ft = ~
gω0cavΓ0D0
κ
s+s− (11)
in the thermodynamic limit. The Eqs.(9)-(10) provide a
complete dynamical model of our engine in terms of the
four variables s±, sz and x.
Work extraction through the mirror.– We first
consider a conventional isothermal engine cycle, where
the detuning ∆ is periodically modulated to provide en-
ergy input. For simplicity, we focus on a quench protocol,
where ∆ = ∆max during the first half of the period and
∆ = ∆min during the second half, as shown in Fig. 2(a).
The period tc of the driving is resonant with the eigen-
frequency of the mirror, tc = 2pi/ω. As a consequence
of the driving, the state of the atoms ρt and the average
position of the mirror approach an asymptotic cycle with
period tc. As initial conditions we consider all atoms in
their ground state and the mirror in its equilibrium po-
sition (x0 = x˙0 = 0). However, at least at a qualitative
level, our results do not depend on the specific initial
conditions.
Owing to energy conservation, the average amount of
work that is transferred from the atomic system to the
mirror plus the energy contribution of the thermal fluc-
tuations must be equal to the average heat dissipation
due to mechanical friction. Hence, the power delivered
by the engine per cycle is given by
Pav =
γ
tc
∫ tc
0
dt
(
E
[
v2t
]− kBT
m
)
=
γ
tc
∫ tc
0
dt v¯2t , (12)
as shown in Methods by using tools of stochastic ther-
modynamics. Here, vt = x˙t is the velocity of the mir-
ror, γkBT/m represents the thermal energy dissipated
by mechanical friction, and v¯t is the average velocity of
the mirror –which can be obtained from Eq. (10) with
ξt = 0.
In Fig. 2(b), the generated mean power Pav is plotted
as a function of the Rabi frequency Ω and the lower level
of the detuning ∆min. We find that Pav is positive over
a large range of parameters. This result proves that our
engine is able to produce usable work by sustaining the
4periodic motion of the mirror against constant damping.
Quite remarkably, the average power output features
discontinuous jumps signalling nonequilibrium phase
transitions in the asymptotic periodic state as illustrated
by the insets of Fig. 2(b). This new type of phase
transition generalizes steady-state nonequilibrium ones
to periodically driven settings. The power output acts
as an order parameter which can be used to unveil the
occurence of sudden changes in the asymptotic periodic
dynamics of the many-body working fluid.
Time-translation symmetry breaking.– Once the
time-dependent modulation of the detuning is turned off,
one would expect the mirror to come to rest as the work-
ing fluid settles to a steady state. However, our analysis
shows that, for properly chosen parameters, the engine
still drives sustained oscillations of the mirror, even if the
detuning is fixed. This a priori surprising phenomenon
arises as a consequence of the working fluid entering a
time-crystal phase, which breaks the continuous tempo-
ral translation symmetry of the time-independent gener-
ator of the dynamics [15]. The engine thereby acquires a
new operation mechanism, which does not require cyclic
control protocols and instead makes it possible to gen-
erate periodic motion from steady-state driving, as illus-
trated in Fig. 3(a).
In the absence of a periodic protocol, there is no natu-
ral recurrence time for the long-time dynamics which, in
general, may or may not approach an asymptotic cycle.
To explore this regime quantitatively, we thus need to
determine the average power of the engine by calculating
the average heat loss generated by the mirror over a long
time window. Namely, we compute the power as
Pav = lim
tobs→∞
γ
tobs
∫ tobs
0
dt v¯2t .
If the position of the mirror settles on an asymptotic cycle
with a well-defined period, this definition coincides with
the one given in Eq. (12).
The results of our analysis are summarized in Fig. 3(b).
In the weak photon-loss regime, i.e. for κ Ω, the work-
ing fluid settles to a stationary state where no mechani-
cal work is produced. Approximately at κ ∼ 1/Ω, for the
specific choice of parameters, a phase transition occurs
and the average power abruptly increases as the mirror
breaks into sustained oscillations. This effect is most pro-
nounced at moderate photon-loss rates, where our time-
crystal engine delivers the largest output.
The working mechanism of this new operation mode
of the engine can be understood as follows. The effective
dissipation constant Γ0 decays with large photon-loss
rates κ. In this regime, characterized by weak dissipation
on the atoms (Γ0  1), the dynamics of the working
fluid is dominated by the Rabi driving at frequency Ω.
As a result, the steady-state manifold of the atomic
system becomes degenerate and long-lived oscillations
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FIG. 3. Time-crystal quantum engine. (a) Mean ve-
locity of the mirror in units of v0 =
ω0cav
ω
~D0
m
as a function
of time (in units of ω−1) for two different photon-loss rates.
For κ/ω = 0.5, the mirror comes to rest while sustained os-
cillations emerge for κ/ω = 1.5. For this plot we have set
∆ = 0, ωat − ω0cav = 0.1ω and Ω = g = ω. (b) Average power
output, in units of mv20ω, as a function of the photon-loss
rate κ and the Rabi frequency Ω, both in units of ω. Along
the dashed line κΩ ∼ 1, a phase transition occurs, where the
average power jumps to a finite value as the working fluid
spontaneously forms a time crystal. The scale has been trun-
cated at 0.2, but significantly larger values for the work out-
put (Pav > 2) are found. The maximum value, for the chosen
parameters, is given by Pav ∼ 2.8.
within this manifold emerge [15]. Thus, oscillating
coherences are responsible for the time-dependent force
on the mirror. When atomic dissipation dominates,
coherent oscillations are suppressed and the working
fluid approaches a time-invariant steady-state. In this
case, the radiation pressure on the mirror is constant
and the mirror comes to rest.
Discussion.–We have developed a general framework
for the dynamical description of many-body quantum en-
gines, which includes the external load as a semi-classical
degree of freedom. This approach makes it possible to de-
termine the performance of the engine directly by mon-
itoring the coupled dynamics of both the working fluid
and of the load.
This perspective allowed us to obtain two key results.
First, in the periodic mode of operation, where the en-
gine is driven by modulations of an external control pa-
rameter, a new type of nonequilibrium phase transitions
emerges. The power output of the engine thereby plays
the role of an order parameter.
Second, we have demonstrated that, even when the en-
gine is not driven through a periodic protocol, and is
thus described by a time-independent generator, it can
still deliver mechanical work. The emergence of this new
regime is due to a nonequilibrium phase transition in
the atomic working fluid towards an exotic state that
features sustained coherent oscillations. This dynamical
time-crystalline phase [13–15] can drive the motion of the
load without relying on a time-dependent control proto-
col. Our approach paves the way to explore new mech-
anisms of power generation enabled by collective many-
5body effects and, at the same time, provides a natural
description of many-body quantum engines.
Our predictions on the power output of our engine can
be tested with current technology in cavity-atom experi-
ments [16, 17, 43–45], and our general numerical analysis
covers a wide range of different setups.
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METHODS
Stochastic dynamics of the mirror in the finite-
density regime. Owing to its large mass, the mirror can
be described as a classical oscillator, which is driven by
the force from the atoms and subject to thermal fluctua-
tions due to its environment having a finite temperature
T . The displacement x of the mirror from its equilibrium
position follows the underdamped Langevin equation [25]
in Eq. (10). The systematic force ft stems from the ra-
diation pressure inside the cavity and is related to the
state of the atoms via the expression (11).
A convenient way to solve Eq. (10), is to rewrite it as
a system of first-order differential equations,
d
dt
(
xt
vt
)
=
(
0 1
−ω2 −2γ0
)(
xt
vt
)
+
1
m
(
0
ft + ξt
)
(13)
where vt = x˙t and γ0 = γ/(2m). Upon introducing the
vector notation
~xt =
(
xt
vt
)
, ~Gt =
1
m
(
0
ft
)
, M =
(
0 1
−ω2 −2γ0
)
,
the formal solution of Eq. (13) can be written as
~xt = e
tM~x0 +
∫ t
0
ds e(t−s)M ~Gs .
With initial conditions x0 = v0 = 0, we have
xt = x¯t + x
ξ
t ,
where (defining Σ =
√
ω2 − γ20)
x¯t =
∫ t
0
ds
1
mΣ
e−γ0(t−s) sin [(t− s) Σ] fs , (14)
is the mean position of the mirror, and
xξt =
∫ t
0
ds
1
mΣ
e−γ0(t−s) sin [(t− s) Σ] ξs , (15)
corresponds to the fluctuating component of the position.
As is explicit in the above equations, the mean position
follows the driving force, while the fluctuating term de-
pends on the thermal noise ξt and has zero average. The
analogous decomposition for the velocity of the mirror
reads
vt = v¯t + v
ξ
t ,
where the average velocity is given by
v¯t =
∫ t
0
ds
e−γ0(t−s)
m
fs×
×
(
cos [(t− s)Σ]− γ0
Σ
sin [(t− s) Σ]
) (16)
and the fluctuating component by
vξt =
∫ t
0
ds
e−γ0(t−s)
m
ξs×
×
(
cos [(t− s)Σ]− γ0
Σ
sin [(t− s) Σ]
)
.
(17)
For later purposes, we note that E[vt] = v¯t, E[vξt ] = 0,
E[v2t ] = (v¯t)
2
+ E
[(
vξt
)2]
+ 2v¯t E
[
vξt
]
,
7and
lim
t→∞E
[(
vξt
)2]
=
kBT
m
, (18)
where we have used the noise time-correlation function
E [ξtξs] = 2γkBTδ(t− s).
Stochastic energetics of the mirror. The power de-
livered by the engine can be determined from the stochas-
tic energetics of the mirror.
The total internal energy of the mirror is given by
Ut =
m
2
v2t +
mω2
2
x2t ,
and its derivative reads, using Eq. (13),
d
dt
Ut = −γv2t + ftvt + vtξt .
Taking the average over all realizations, and consider-
ing a time large enough so that we can neglect transient
behaviour and use the result of Eq. (18) we obtain
d
dt
E [Ut] = γ
kBT
m
+ ftv¯t − γE
[
v2t
]
. (19)
This equation shows that the variation of the en-
ergy balance of the mirror involves three components:
the power delivered by the many-body quantum engine
through the force ft, the average power uptake from ther-
mal fluctuations, which is proportional to the tempera-
ture T , and the energy that is dissipated by mechanical
friction.
When the long-time dynamics of the mirror settles to
an asymptotic cycle, we can compute the average power
per cycle as
Pav =
1
tc
∫ tc
0
dtftvt =
γ
tc
∫ tc
0
dt
(
E
[
v2t
]− kBT
m
)
,
where tc is the period of the cycle. Using relation (18),
this expression can be rewritten solely in terms of the
mean velocity of the mirror
Pav =
γ
tc
∫ tc
0
dt v¯2t .
When the force ft does not have an a priori known
period, we can determine the delivered power through
the long-time average
Pav = lim
tobs→∞
γ
tobs
∫ tobs
0
dt v¯2t .
This formula for the average power is justified by the fact
that the energy of the mirror remains bounded and thus
the average energy variation goes to zero at long times,
lim
tobs→∞
1
tobs
(
U¯tobs − U¯0
)
= 0 .
Hence, the energy absorbed by the mirror from the
engine goes into an extra contribution of heat dissipated
by friction, which adds to the equilibrium thermal one.
Numerical simulation of the engine dynamics and
of the mirror. In order to quantitatively analyse the
performance of our engine, we need to devise a suitable
numerical scheme. In practice, we want to determine a
system of differential equations involving dimensionless
variables which are representative of the engine-mirror
dynamics. To this end, we focus on the mean contribu-
tion of the position and of the velocity, which determine
the power output.
We first define the dimensionless time τ = ωt. Next we
consider the deterministic force which drives the mirror
dynamics; this term is given, in the finite-density limit,
by Eq. (11). By expressing it as a function of τ , we obtain
ft=τω−1 = ~ω0cavD0Fτ ,
where we have extracted the dimensionless force
Fτ =
g
κ
(Γ0s+s−)τ . (20)
This term depends on the atomic variables s± at the
time τ = tω, as well as on the value of Γ0 at τ , which
is a function of the control parameter ∆. The values of
s± and sz are determined by the system of differential
equations
d
dτ
s+ = −iΩ
ω
sz − i∆
ω
s+ − i g
ω
C0szs+ +
g
ω
Γ0
2
szs+ ,
d
dτ
sz = 2i
Ω
ω
(s− − s+)− 2 g
ω
Γ0s+s− .
(21)
The mean position of the mirror x¯t, which appears in
Eq. (14), can also be factorized into a dimensionless dy-
namical quantity and a dimensional constant depending
on the details of the experimental setting,
x¯t=τ ω−1 =
ω0cav
ω
~D0
mω
Xτ , (22)
where
Xτ =
∫ τ
0
dy
ω
Σ
e−
γ0
ω (τ−y) sin
[
(τ − y) Σ
ω
]
Fy
and γ0 = γ/(2m). Similarly, the mean velocity of the
mirror (16) can be expressed as
v¯t=τω−1 =
ω0cav
ω
~D0
m
Vτ , (23)
where
Vτ =
∫ τ
0
dy e−
γ0
ω (τ−y)Fy×
×
{
cos
[
(τ − y) Σ
ω
]
− γ0
Σ
sin
[
(τ − y) Σ
ω
]}
.
8The quantities Xτ , Vτ are solution to the system of dif-
ferential equations
d
dτ
(
Xτ
Vτ
)
=
(
0 1
−1 −2γ0/ω
)(
Xτ
Vτ
)
+
(
0
Fτ
)
. (24)
From the equations (20)-(24) the trajectory of the mirror
can be determined numerically. The power that is deliv-
ered by the engine to the mirror can then be obtained
from the relation
Pav =
γ
tobs
∫ tobs
0
dt v¯2t
=
(
ω0cav
ω
)2 ~2D20ω
m
[
2γ0
1
τobs
∫ τobs
0
dτ V 2τ
]
,
(25)
where tobs is the observation time, which equals the pe-
riod of the driving tobs = 2pi/ω for the periodic mode
of operation and is taken to be very large for the time-
crystal mode, tobs  ω−1.
Note that the rescaling of dynamical quantities keeps our
analysis general and thus applicable to different experi-
mental instances where ω0cav, ω, the mass of the mirror
and the linear density of atoms can vary.
9SUPPLEMENTARY INFORMATION
Effective Description and first-order expansion in x/L0
A reduced dynamical description of the ensemble of atoms can be obtained by adiabatically eliminating the cavity
light field [17, 36, 37]. In this section, we review this procedure and discuss the resulting dynamical generator.
The Heisenberg equation of motion for the bosonic operator a reads
a˙ = (iδ − κ
2
)a− i g√
N
S− ,
and its formal solution is given by
a = e(iδ−
κ
2 )ta0 − i g√
N
∫ t
0
du e(iδ−
κ
2 )(t−u)(S−)u .
In the adiabatic limit, where the operators S± in the Heisenberg picture are practically constant on the relaxation
time scale 1/κ, this expression can be simplified to
a ≈ −i g√
N
S−
∫ t
0
du e(iδ−
κ
2 )(t−u) ≈ −2igS−√
N(κ− 2iδ) ,
where S− = (S−)u=t. Hence, the bosonic operator can effectively be replaced with the rescaled collective spin operator
a =
2g√
N(2δ + iκ)
S− . (S1)
Substituting this result into the total Hamiltonian of the system,
Htot = HL +Hint +Hph ,
yields the effective Hamiltonian
H˜ = HL +
g~
N
C S+S− , with C =
4 gδ
4δ2 + κ2
.
For the effective dissipator we obtain
D˜[ρ] = g~
N
Γ
(
S−ρS+ − 1
2
{S+S−, ρ}
)
, with Γ =
4 gκ
4δ2 + κ2
.
Having derived an effective model for the ensemble of atoms, we now have to account for small oscillations of
the mirror around its equilibrium position. Changing the length of the cavity alters the wave-length, and thus the
frequency ωcav = nc/(2L), of the light mode, where c denotes the speed of light and n is a positive integer. Hence the
parameter δ = ωat + ∆ − ωcav, which enters the effective Hamiltonian and the effective dissipation super operator,
becomes a function of the the length L = L0 + x.
For small oscillations, i.e., x/L0  1, we have
ωcav =
n c
2(L0 + x)
≈ ω0cav
[
1− x
L0
]
with ω0cav =
nc
2L0
,
and
δ ≈ δ0 + ω0cav
x
L0
with δ0 = ωat + ∆− ω0cav .
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Consequently, the dimensionless constants Γ and C become
Γ ≈ Γ0 − Γ1 x
L0
, with Γ0 =
4 gκ
κ2 + 4δ20
, and Γ1 = ω
0
cavΓ0
8 δ0
(4δ20 + κ
2)
,
and
C ≈ C0 − C1 x
L0
, with C0 =
4 gδ0
κ2 + 4δ20
, and C1 =
ω0cav
δ0
C0
(
4δ20 − κ2
)
(4δ20 + κ
2)
.
These relations show how the reduced dynamical description of the atoms depends on the displacement of the mirror
x.
By following the same lines, we find that the force acting on the mirror is given by
ft = −〈
[
∂
∂x
HSph
]
〉t ≈ ω
0
cav
L0
〈a†a〉t ≈
~g
N
ω0cav
κL0
(
Γ0 − Γ1 x
L0
)
〈S+S−〉t .
where we have used the relation (S1) to eliminate the operators pertaining to the light field.
Dynamics in the finite density of atoms case.
In this section, we provide further details on how the non-linear differential equations, which govern the dynamics
of the collective variables s± and sz, can be obtained from the effective description of the atomic system in the limit
of finite density.
The Heisenberg equation of motion for the rescaled operator S+/N is given by
d
dt
S+
N
= i
[
Heff ,
S+
N
]
+
g0
N
Γ0
2
([
S+,
S+
N
]
S− + S+
[
S+
N
,S−
])
= −iΩSz
N
− i∆S+
N
− i g
N
C0
Sz
N
S+
N
+
gΓ0
2
Sz
N
S+
N
. (S2)
We now take the average of both sides of this differential equation with respect to the initial state ρ0 of the atomic
system and observe that quadratic contributions can be factorized as
〈Sz
N
S+
N
〉 −→ 〈Sz
N
〉 〈S+
N
〉 (S3)
for N  1, since the coupling between individual constituents of the ensemble is of order 1/N . This approximation
becomes exact in the limit N →∞ [42]. Furthermore, this scheme naturally extends to breaking up the time-evolution
into a series of intervals with constant dynamical generator, which is the case for the quenched protocol adopted for
the detuning ∆.
Using the relation (S3) and defining
s± = lim
N→∞
〈S±
N
〉 , sz = lim
N→∞
〈Sz
N
〉 ,
yields the non-linear differential equation
s˙+ = −iΩsz − i∆s+ − igC0szs+ + gΓ0
2
szs+ .
Along the same lines, we find the equation of motion for sz,
s˙z = 2iΩ (s− − s+)− 2gΓ0s+s− .
